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Abstract
The use of ultra-short laser pulses to pump and probe materials acti-
vates a wealth of processes which involve the coherent and non coherent dy-
namics of interacting electrons out of equilibrium. Non equilibrium (NEQ)
many body perturbation theory (MBPT) offers an equation of motion for
the density–matrix of the system which well describes both coherent and
non coherent processes. In the non correlated case there is a clear relation
between these two regimes and the matrix elements of the density–matrix.
The same is not true for the correlated case, where the potential binding of
electrons and holes in excitonic states need to be considered. In the present
work we discuss how NEQ-MBPT can be used to describe the dynamics
of both coherent and non-coherent excitons in the low density regime. The
approach presented is well suited for an ab initio implementation.
Introduction
The concept of coherent states [1, 2] has been developed in the field of quan-
tum optics, where photons states are considered. It is not very familiar in the
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community of condensed matter and material science where the focus is on the
description of the electronic system in terms of non coherent Fock states. One of
the reasons is that coherences die very quickly in many-body electronic systems
due to the strong electronic interaction and cannot be easily observed. Moreover
the concept of coherent states is associated to bosons: many bosons can occupy
the same quantum states, bringing to the manifestation of quantum coherence at
the macroscopic or classical level. In very rare situations coherent states can be
created by pairing fermions in “quasi-bosons”. A well known example is the su-
perconducting state where the effective interaction brings to the formation and
condensation of Cooper pairs, thus of a coherent state which is stable, at least
at low temperatures [3]. Another example is the excitonic insulator proposed by
Kohn, where electron-hole (eh) pairs spontaneously bind into excitons and then
condensate [4]. Coherent states for strongly interacting fermions are however
an exception in the stationary regime. In pump and probe experiments instead,
materials are explored on a short time-scales such that coherences are routinely
observed. The emergence and interplay between coherent and non-coherent dy-
namics is an example of the richness of phenomena which can be observed in the
non-equilibrium (NEQ) regime. Indeed the notion of coherent and non coherent
dynamics is familiar to scientists working to the modeling of materials out of equi-
librium [5, 6]. However, with the exception of few recent works [7, 8], how the
coherent dynamics is related to the concept of coherent states in quantum optics
is not well explored.
The interaction of the ultra-short (optical) pump pulse with a material leads to
the formation of NEQ states which are well described in terms of excitons. The
existence of the two regimes, i.e. coherent and non coherent, naturally brings to
the definition of coherent and non coherent excitons [9, 10]. We will thus try to
make a connection between the concept of coherent dynamics from NEQ and the
concept of coherent states from quantum optics for the case of the exciton [11].
The exciton is an interesting case because it is a composite boson. The operator
defining the creation of an exciton, eˆ
†
γq, can be written as a linear combination
of eh pairs. This enables to use standard many-body perturbation theory (MBPT),
formulated in Fock space, since both 〈eˆγq〉 and 〈eˆ†γqeˆγq〉, can be expressed in terms
of Green’s functions. As we will see the two expectation values are related to
coherent and non-coherent states. To give an intuitive picture a coherent excitons
is related to the oscillations of the polarization of the system resonant with the
excitonic energies [12]. It can be measured in absorption experiments. A non-
coherent exciton instead is a quasi-stationary state, which is a good approximation
to neutral eigenstates of the many-body hamiltonian. Their signature can be seen,
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for example, in photo-emission experiments [13, 14, 15]. The definition of eˆ
†
γq is a
result of the equations of linear response theory, where everything can be defined
in terms of equilibrium quantities. To avoid that such definition will change in
time in the NEQ regime, we will limit ourselves to the low density regime. The
dynamics of both kind of excitons has been for example discussed in quantum
wells [16] and, more recently, for transition metal dichalcogenides [17, 18]. In
these works the exciton is described using a model Hamiltonian, i.e. the Wannier
equation, and its dynamics is described via the introduction of some effective
exciton–exciton or exciton–phonon interaction. In the present work, instead, we
put forward an approach which is well suited for an ab-initio (ai) implementation,
to describe the formation of coherent and non coherent excitons on ultra-fast time
scale and in the low density regime in realistic materials.
The modeling of material properties is done by describing the electronic prop-
erties of the system, where the electronic hamiltonian includes the many body
interaction between electrons. In first-principles approaches, the electronic prob-
lem is recast in terms of an effective hamiltonian whose solution can be reached
self-consistently. One of the most successful example is density functional theory
(DFT) where the many-body interaction is replaced by an effective potential de-
scribing exchange and correlation (xc) effects. The great success of DFT is due
to the relative low computational cost, within the local density approximation for
the effective potential, and, yet, very high accuracy in describing the equilibrium
properties of many materials. The approach however has some well known limi-
tations, such as the underestimation of the electronic band gap. Most importantly
its extension to the liner response domain, i.e. time dependent (TD)-DFT [19, 20]
cannot easily capture the physics of the exciton [21, 22] within the common adia-
batic approximations. An approach which overcomes this limitation, at the price
of higher computational cost, is MBPT. The Bethe-Salpeter equation (BSE) of
MBPT is the state-of-the-art equation for the definition of excitonic effects [23].
The BSE, when used on top of Kohn–Sham states, is a fundamental brick of the
Ab–InitioMBPT (ai–MBPT) [24]. ai-MBPT has been indeed successfully applied
to the description of the equilibrium and optical properties of a wide range of ma-
terials, from 3D bulk semiconductors to 2D layered systems such as graphene and
transition metal dichalcogenides, 1D carbon nanotubes and complex molecules.
When dealing with pump and probe experiments in extended systems it is then
natural to start from the NEQ extension of ai-MBPT (ai–NEQ–MBPT) for the two
following reasons. (i) The need of a correct coupling with the laser pulses, i.e. the
need to describe the physics of the exciton. (ii) The need for reliable approxima-
tions to capture NEQ xc-effects; whileMBPT offers a systematic way to introduce
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higher order approximations, for DFT good approximations are known mostly for
equilibrium properties. Last but not least the exploration of materials in the NEQ
regime, atto-second to pico-second time scale, is still in its infancy compared to
equilibrium. It is then reasonable to focus on a more sophisticated approach ac-
cepting the higher computational cost. ai-NEQ-MBPT has been indeed recently
implemented [12, 25, 26] and applied to both extended systems [27, 28], 2D mate-
rials [29], atoms and molecules [30, 31] by the authors of the present manuscript.
The Kadanoff-Baym equation (KBE) is the key equation of the approach and de-
scribes the time evolution of the electrons in the material under the action of an
external laser pulse [5, 32, 33, 34, 35]. Being an exact equation, it describes the
coherent dynamics following the pump pulse. However it also reduces to the semi-
classical Boltzmann equation under specific approximations. It thus includes also
the de-coherence process and the transition between the two regimes. Indeed it
has been shown that the KBE captures coherent excitons and that it describes the
non-coherent dynamics of electron and holes. Here we will show how the KBE
can be extended to describe both regimes in the excitonic picture.
The layout of the work will be the following. In sec. 1 we introduce the
concept of fully coherent, partially coherent and non coherent states for bosons
(sec. 1.1) and how these concepts can be linked to the polarization and population
of eh-pairs of fermions (sec. 1.2). In sec. 2 we than discuss coherent and non
coherent dynamics in the electronic system at the independent particles (IP) level
(sec. 2.1) with few results on a two band model of IP (sec. 2.2). In sec. 3 we move
beyond the IP level, introducing the concept of exciton and then considering the
equation of motion (EOM) for the formation of coherent excitons (sec. 3.1) and
then the EOM for the formation of non-coherent excitons (sec. 3.1). We then
discuss some results on a simple model (sec. 3.4) and how the approach should
be generalized to include decoherence and scattering processes in the excitonic
picture (sec. 3.5). Finally in sec. 4 we discuss how the produced (and eventually
thermalized) non coherent population of excitons can be detected in time-resolved
photo-emission experiments.
4
1 Coherent and non coherent physics
1.1 Non coherent, partially coherent and fully coherent bosonic
states
We first introduce the concept of coherent [1, 2] and non coherent states for
bosons. A non coherent Fock state |n〉 is defined as an eigenstate of the particle
number operator Nˆ = ∑γ aˆ
†
α aˆα , while a fully coherent state |α〉 is an eigenstate of
the annihilation operator aˆα :
Nˆ|n〉 = n|n〉, (1)
aˆα |α〉 = α|α〉. (2)
While Fock states are orthogonal and represents an exact basis set, coherent states
are an over-complete basis set and are not fully orthogonal. They are also states
with minimal indetermination. The two are linked by the expression
|α〉= e−|α |
2
2
+∞
∑
n=0
αn
n!
|n〉. (3)
The expectation value of a fully coherent state over the number operator is finite
N = 〈Nˆ〉, with α =√Neiφ and φ an arbitrary phase. On the contrary the expec-
tation value of the annihilation (or creation) operator over a Fock state is zero.
A special role is then played by the operators which are defined as linear combi-
nations of aˆα and aˆ
†
α . Among these operators there are for example the electric
field E if aˆα represents a photon and the displacement of an atom from its equi-
librium position ∆R if aˆα represents a phonon. In general we will refer to a state
as coherent if its expectation value on such operator is non zero.
〈Ψ|aˆα |Ψ〉 6= 0 (4)
This defines a state which is at least partially coherent and not necessarily fully
coherent in the sense of Eq. (3). The quantification of coherence is an interesting
topics by itself [36]; for the present manuscript however the definition introduced
with Eq (4 will be sufficient. Of course also a fully coherent state satisfy Eq. (4),
while a Fock state does not. A coherent state must involve, at least, the linear
combination of two Fock states with different particles number.
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1.2 Fermion pairs and excitons: population and polarization
In order to bridge these concepts with the idea of coherent and non coherent elec-
trons dynamics we now consider the case of “composite bosons”, i.e. linear com-
binations of eh pairs. Two examples are the magnon with the related coherent
magnetization M and the exciton with the related coherent polarization P. In the
present manuscript we will focus on the exciton aˆα → eˆγq. To this end we intro-
duce the electronic creation and annihilation operators in valence and conduction
band vˆ
†
k,vˆk and cˆ
†
k,cˆk. The population operator and the coherent polarization op-
erator are then defined as
nˆel = ∑
cvk
[vˆ†kvˆk+ cˆ
†
k+qcˆk+q], (5)
PˆL(q) = ∑
cvk
[dLck+q,vkcˆ
†
k+qvˆk+d
L
vk,ck+qvˆ
†
kcˆk+q], (6)
with dLck+q,vk = 〈ck+q|eiq·x|vk〉. The polarization in the dipole approximation,
i.e. q→ 0, reduces to the full polarization vector
Pˆ= ∑
cvk
[dcvkcˆ
†
kvˆk+dvckvˆ
†
kcˆk], (7)
where the three components are obtained from the limit along three different di-
rections. Notice that the use of q in the definition of the number operator has no
effect, since the sum is over all k in the BZ. However its explicit presence makes
the equation more symmetric with the one of the polarization. The excitonic op-
erator can then be defined as
eˆγq = ∑
cvk
A
γq
cvkcˆk+qvˆk. (8)
A
λq
cvk is the excitonic wave-function. We will later specify how to determine it. In
the excitonic picture the operators for populations and polarization read
Nˆexc(q) = ∑
γ
eˆ†γqeˆγq, (9)
PˆL(q) = ∑
γ
[dL,∗γq eˆ†γq+d
L
γqeˆγq]. (10)
We underline that in the present manuscript we have in mind the “low density
regime” where more than one bound exciton can be created in “almost the same”
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quantum state, as discussed in app. A. Moreover the polarization operator intro-
duced here neglects the intra-band or diagonal terms cˆ†k+qcˆk. This is why we refer
to it as the coherent part of the polarization or the “coherent polarization”. The
identification of the off-diagonal terms of this operator with the coherent contri-
bution is well defined precisely in such low density regime. We will come back to
this point later.
2 Non–Equilibrium dynamics
2.1 Kadanoff-Baym equation for independent particles
We now introduce the EOM for the dynamics of an electronic system under an
external laser pulse. Within MBPT such equation is the KBE. Within the Gener-
alized Kadanoff Baym ansatz (GKBA) it represents a closed equation for the one
body density–matrix of the system
∂tρ(t)− i[heq+∆Σs,t,ρ(t)]− i[hext(q0, t),ρ(t)] =−I(t). (11)
Here ρ(t) = ρnk,mp(t) = ρlq is the density matrix written in the basis of the eigen-
functions of the equilibrium hamiltonian h
eq
nk,mp = δn,mδk,pεnk. h
eq is defined
within MBPT using a quasi-particle (QP) approximation. lq is a super-index de-
fined as lq= nkmp with q= k−p. We underline all quantities that are vectors in
the lq space (matrices in the nk space).
[h,ρ ]nk,mp = hnk,nkρnk,mp−ρnk,nkhnk,mp (12)
defines the commutator (a sum for the indices with an overline (∑nk) is implicit,
here as in the rest of the manuscript). ∆Σ
s,t
lq = ∆Σ
s
nk,mp[ρ(t)] is the variation of
the static (s) part of the self-energy, which however depends on time (t) via its
instantaneous functional dependence on the density–matrix. Ink,mp(t) is the col-
lision integral which accounts for the dynamical terms of the self-energy. The
GKBA enters in its construction which also need the expression for the retarded
and advanced propagators G(r/a). Finally the term
hextlq (q0, t) = δq,q0E(t)d
L
lq (13)
is the projection of hext(x, t) = E(t)eiq0·x in the basis set of the eigenstates of
heq, and describes the interaction with an external longitudinal electric field of
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modulus E(t). Here hextlq (q0, t) = 0 if n= m, i.e. we neglect intra-band transitions
in the action of the external field. Within the dipole approximation, i.e. q0 →
0, hext describes an external laser pulse. At this level the KBE describes both
coherent and non-coherent dynamics.
We can now bridge a relation between the concept of coherence introduced in
sec. 1.1 and the density matrix by means of Eq. (4). Let as first consider the case of
non interacting particles, which means ∆Σs = I = 0. In the present manuscript we
always consider cases where the starting point (t = 0) is a well defined eigenstate
of the system (even a single slater determinant). This is usually the assumption
in first-principles simulations on systems with a gap, i.e. that the ground state is
well represented by weakly interacting QPs at zero electronic temperature. The
expectation value of the population and the coherent polarization operators are
nel(t) = ∑
k
[ρvk,vk+ρck+q,ck+q], (14)
PL(q, t) = ∑
k
[
dLck+q,vkρck+q,vk(t)+d
L
vk,ck+qρvk,ck+q(t)
]
, (15)
i.e. the diagonal elements of ρ define the populations fnk = ρnk,nk, while the
off-diagonal matrix elements define the polarization. A state is at least partially
coherent if some ρnk,mp 6= 0 for n 6=m, while the density–matrix becomes diagonal
once decoherence is completed.
We can also disentangle the coherent and the non-coherent dynamics expand-
ing the KBE to second order in the external field. In this way we adopt the “low
density” regime by assuming the external field is weak, i.e. we are within the “low
pumping” regime:
∂tρ
(1)(t)− i[heq,ρ(1)]− i[hext(t),ρeq] = 0, (16)
∂tρ
(2)(t)− i[heq,ρ(2)]− i[hext(t),ρ(1)] = 0. (17)
To linear order in the external field, only the off diagonal terms change with time
(this result can be proved also in case static correlations are considered, i.e. ∆Σs 6=
0), while ρ
(1)
nnk = 0. Thus Eq. (16) is the EOM for the coherences. Eq. (17) is the
EOM for the populations if the terms ρ
(2)
nk,nk only are considered.
We have thus obtained that the separation in coherences and populations can
be achieved by expanding the KBE in the IP case. Notice that such separation has
a straightforward interpretation: the external pulse first creates coherent eh-pairs,
some of which, further interacting with the external field, become non-coherent
eh-populations.
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2.2 Results for an infinite system of non interacting particles
To get further insight we assume the equilibrium hamiltonian describes an infinite
system with one fully occupied valence band and one empty conduction band.
For non-interacting particles ρ defines all physical properties of the system and in
particular the property ρ = ρ2 defines if the system is in a pure state or not, i.e. if
there exist a wave function, coherent or not, which is related to the density matrix.
In this case we can even directly write the wave-function associated with a given
density matrix.
The 2x2 equilibrium density–matrix for each k,p pair is
ρ
kp
:=
(
ρvk,vk ρvk,cp
ρcp,vk ρcp,cp
)
= δk,p
(
1 0
0 0
)
, (18)
which corresponds to the ground state |ψg〉 = ∏k vˆ†k|0〉. The external pump pulse
will make the system evolve in a coherent way, sending it in a coherent super-
position of states with electrons excited from k to k+q0. To linear order in the
external field, i.e. assuming an expansion of the wave-function in terms of single
excitations, we can write
|Ψ(t)〉=
√
ΩBZ
nk
∑
k
[√
1− fkq(t)+
√
fkq(t)e
i∆εkqt cˆ
†
k+qvˆk
]
eiEgt |Ψg〉. (19)
with fkq(t) ∝ |E|2, q = q0 and ∆εkq = εck+q− εvk. nk is the number of k–points
and ΩBZ the size of the Brillouine zone (BZ). Here we introduced fkq(t) as a co-
efficient of the wave-function. We will immediately show, building the associated
density matrix, that it indeed defines the electronic occupations.
Beside the time evolution, there is a main difference between the fully coherent
state introduced in Eq.(3) and Eq.(19): the sum in the latter is truncated to one eh
pair. This is due to our assumption for the structure of the wave-function (see also
App. B). However we also need to remark that any term involving two eh-pairs
should involve different k-points since, due to Pauli exclusion principle, multiple
eh pairs in the same state are not allowed. As a consequence it is not possible
to construct the analogous of Eq.(3). Indeed a single eh-pair is far from being
a “quasi-boson”. This will not be a limit in the correlated case, where, at low
pumping, an excitons is a good “quasi-boson”, i.e. it is possible to fill with more
than one excitons almost identical states (see also appendix A).
The density–matrix corresponding to Eq. (19) is different from zero only for
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blocks with k= p+q0:
ρ
kp
= δk+q0,p
(
1− fkq(t)
√
(1− fkq(t)) fkq(t)ei∆εkqt√
(1− fkq(t)) fkq(t)e−i∆εkqt fkq(t)
)
.
(20)
Here ρ2 = ρ at each time. It is possible to show that the first order expansion
of the off-diagonal elements ρ
(1)
ck+q0,vk
(t) =
√
fkq(t)e
i∆εkqt is solution of Eq. (16)
while the diagonal terms, n = m, are solution of Eq. (17). Since I(t) = 0, the
occupations fkq(t) do not evolve anymore for t > t f , i.e. when h
ext = 0. If we
then allow the the system to loose coherence the density–matrix becomes
ρ
kp
(t) = δk+q0,p
(
1− fkq(t f ) 0
0 fkq(t f )
)
. (21)
Notice that this final state cannot be represented anymore as a wave-function since
ρ is not pure, i.e. ρ 6= ρ2. It is a non-coherent superposition of Fock states
with populations fvk(t f ) = 1− fkq(t f ) and fck+q0(t f ) = fkq(t f ). Accordingly fkq
defines the electrons removed from vk and promoted to ck+q. The assumption of
decoherence, here introduced ad-hoc, turns the description in terms of the density–
matrix from deterministic (in the sense that the density–matrix can be associated
to an existing wave-function which evolves in a deterministic way, i.e. describes
what is called a pure state) to statistical.
3 Excitons Out–of–equilibrium
3.1 Coherent excitons
We now want to turn our attention to the description of excitons. To this end we
need to activate the change in the static part of the self-energy ∆Σs = ∆ΣHSEX
which contains the variation of the Hartree plus Screened Exchange (HSEX) self-
energy. At this point we have to observe that, allowing for a change in the self-
energy, we allow the hamiltonian to evolve in time. Accordingly the basis-set
which instantaneously diagonalizes the Hamiltonian will evolve in time as well.
The diagonal and off-diagonal matrix elements on such instantaneous basis-set
will both be a mixture of the diagonal and off-diagonal matrix elements in the
equilibrium basis set. This would introduce a significant complication in the at-
tempt to distinguish coherent and non coherent terms in the density–matrix. More-
over it would bring us to have the excitonic operator which evolves in time (since
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the excitonic hamiltonian would be time dependent as well). To avoid all these
complications we consider the case where a finite number of excitons is created.
A finite number of excitons in an infinite systemmeans the changes in the density–
matrix are infinitesimal. This situation also describes, to a good degree of approx-
imation, the low pumping regime where the exciton densities is low. Then the QP
basis set (and the excitonic operator we are going to introduce) can be kept static.
We can thus keep the distinction between coherences (off-diagonal terms of the
density–matrix) and populations (diagonal terms of the density–matrix).
If the KBE is linearized in the external field and the HSEX self-energy is
used together with the QP-GW approximation for the equilibrium hamiltonian,
it reduces to the Bethe-Salpeter equation (BSE) which is known to well describe
excitons in extended systems at equilibrium [12]. We will refer to this as the TD-
HSEX approach. Since to linear order in the external field, only the off diagonal
terms of the density–matrix are changed by the external field, the TD-HSEX de-
scribes indeed coherent excitons. The linearized TD-HSEX equation for the off
diagonal elements of ρ reads
∂tρ
(1)(t)− i[heq,ρ(1)]− i[KHSEXδρ(1),ρeq]− i[hext(t),ρeq] = 0, (22)
where we have introducedKHSEX
lq,l′q′ = δΣ
HSEX
lq /δρl′q′
∣∣
ρeq
. K is a matrix in the super-
indexes space. Notice that, although ρ(1) is infinitesimal, KHSEX is not. Using the
expression for heq and ρeq of Eq. (18) we can introduce the excitonic Hamiltonian
Hexclq,l′q′(q) = (εck+q− εvk)δc,c′δv,v′δ (q−q′)+KHSEXlq,l′q′ , (23)
and diagonalize it defining the excitonic eigen-states (or wave-functions) A
γq
cvk and
eigen-energies Eγ(q). The operator which creates an exciton is
eˆ†γq = ∑
k
A
γq
cvkcˆ
†
k+qvˆk. (24)
If we now rotate the Eq.(11) in the excitonic basis-set defined by Eq.(24):
∂tρ
(1)
γq (t)− iEγqρ(1)γq (t) = ihextγq (q0, t). (25)
ργq defines coherent excitons explicitly and Eq. (25) describes their creation.
We immediately notice however that, at variance with the IP case, the one-body
density–matrix only describes coherent excitons, i.e. it cannot be used to describe
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non-coherent exciton populations. In the excitonic picture polarization (or coher-
ences) on one hand and populations (or non coherent Fock states) on the other
hand are associated with two operators which are different in nature. To describe
populations, the expectation value of eˆ†γqeˆγq, i.e. the two–body density–matrix,
is best suited. This has been of course already remarked in the literature [9].
We here underline that the KBE is an exact equation. Accordingly the physics
of non-coherent excitons can be in principle captured also within the one–body
density–matrix. However even the exact one–body density–matrix contains less
informations compare to the two–body one and the number of excitons in the
system cannot be extracted. In Ref. [13] we discussed how the one-body density–
matrix can be used to describe the signature of non-coherent excitons in photo-
emission, provided the correct choice for the self-energy is done. Staying within
the one body density–matrix however is highly non trivial and calls for the need
of the correlated T-matrix approximation to the self-energy. This is similar, in
some sense, to the difficulties one encounters in defining excitons at equilibrium
within the two point response function of the Heidin equation, where non trivial
vertex corrections need to be included. On the contrary introducing the four point
response function L, excitons are well described considering the static HSEX ker-
nel.
3.2 Non coherent excitons
We thus turn our attention to the two–body density–matrix. To write its equation
of motion we start from the electron hole propagator on the contour L and write
its Dyson equation in presence of the static HSEX kernel
L(t, t ′) = L˜0(t, t ′)+ L˜0(t, t)KHSEXL(t, t ′), (26)
with L˜
0
= G˜× G˜ with the indexes as follow
L˜0nkn′k′,mpmp′(t, t
′) = G˜nk,mp(t, t ′)G˜n′k′,m′p′(t ′, t) (27)
and G˜ the one body Green function in presence of an external potential:
G˜−1nk,mp(t, t
′) = G−1nk,mp(t, t
′)−hextnk,mp(q0, t)δ (t, t ′). (28)
Defining L0 = G×G, the Dyson equation becomes
L(t, t ′) = L0(t, t ′)+L0(t, t)
[
KHSEXδ (t− t ′)+Kext(t, t′)]L(t′, t ′), (29)
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with
Kextnkn′k′,mpm′p′(t, t
′) = G−1nk,mp(t, t
′)hextn′k′,m′p′(q0, t)δ (t− t ′)
+hextnk,mp(q0, t)δ (t− t ′)G−1n′k′,m′p′(t ′, t)
+hextnk,mp(q0, t)h
ext
n′k′,m′p′(q0, t)δ (t− t ′) (30)
describing the three processes where the external perturbation acts on the conduc-
tion electron only Kext,1c, on the valence electron only Kext,1v or, finally, on both
Kext,2. We want to focus on the EOM for the terms Lcv,cv :=Lck+qvk+q,c′k′+q′v′k′(ω)
in a two band model. We notice, however, that the equation cannot be closed for
such terms only since Kext sends c→ v and v→ c due to the off-diagonal structure
in cv space of hext . Instead, since we are interested in the description of excitons,
we consider KHSEX different from zero, and thus L 6= G×G, only in the cv,cv
channel. The terms which are sent to cv,cv from the action of Kext,1i are Lcc,cv,
Lvv,cv, Lcv,vv and Lcv,cc. If ρ
eq
nk,mp = δk,pδn,vδn,m and having assumed K
HSEX = 0
outside the cv,cv channel, even the correlated L for such terms will be L= G×G.
For example
Lckck′,cpvp′(t, t
′) = Gckcp(t, t ′)Gck′vp′(t ′, t). (31)
To define the EOM for L< we rewrite Eq. (29) in the form (L−10 −K)L = 1 and
L(L−10 −K) = 1. The terms involving Kext thus become:
K
ext,1v
ckvk′,ckck′
(t, t)L
ckck
′
,cpvp′(t, t
′) = hext
vk′,ck′
(q0, t)Gck′,vp′(t, t
′)δk,p, (32)
K
ext,1c
ckvk′,vkvk′
(t, t)L
vkvk
′
,cpvp′(t, t
′) = hext
ck,vk
(q0, t)Gvk,cp(t, t
′)δk′,p′, (33)
L
ckvk′,ckck′(t, t)K
ext,1v
ckck
′
,cpvp′
(t, t ′) = G
vk′,ck′(t, t
′)hext
ck
′
,vp′
(q0, t
′)δk,p, (34)
L
ckvk′,vkvk′(t, t)K
ext,1c
vkvk
′
,cpvp′
(t, t ′) = Gck,vk(t, t
′)hext
vk,cp
(q0, t
′)δk′,p′. (35)
Let us label the sum of these four terms as Hext
ckvk′,cpvp′[G(t, t
′)]. For the Kext,2
we need to consider the terms Lvc,cv, Lcv,vc. However since we want to consider
terms up to second order in the external field we need terms of the kind Kext,2L(eq)
which are identically zero for the indices just considered. Having replaced the
terms involving KextL with a term Hext which is independent from L in Eq. (29),
we can easily move from the contour to the real time axis, thus introducing the
EOM for the electron–hole two–body density–matrix, Γeh, up to second order in
the field. We define Γeh as
Γehckvk′,cpvp′(t) = L
<,eh
ckvk′,cpvp′(t, t) = 〈cˆ†k(t)vˆk′(t)cˆp(t)vˆ†p′(t)〉. (36)
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Wewill omit the eh suffix from now on. By using (L0)−1
cvk,c′v′k′(q) = i∂t−(εck+q−
εvk), the fact that the K
HSEX is static, and the resulting structure of the Kext term,
we obtain
∂tΓ
(2)(t)− i[Hexc,Γ(2)]− i[hext ,ρ(1)]×δ − iδ × [hext ,ρ(1)] = 0. (37)
We now rotate in the equilibrium excitonic basis and consider only the diagonal
terms which define the excitonic populations Nγq = Γγq,γq. The term [H
exc,Γ] = 0
for γ = γ ′ since Hexc is diagonal in excitonic space. Taking into account the EOM
for the one body density–matrix, we finally have
∂tρ
(1)
γq (t)− iEγqρ(1)γq (t)− ihextγq (q0, t) = 0, (38)
∂tΓ
(2)
γq,γq(t)− iHextγqγq[ρ(t)] = 0. (39)
The coupled Eqs. 38-39 constitute a first result of the present manuscript and
could be easily implemented from first-principles. They are the correlated version
of Eqs. (16)-(17). Only the knowledge of the excitonic Hamiltonian is required.
Once an external perturbation hext(q0, t) is selected, H
exc needs to be diagonalized
only for q= q0. A laser pulse is described by using the optical limit q0 → 0. The
EOM, within the static HSEX approximation, does not mix terms with different
q. It is worth to observe that an exciton population Nγq is not directly related to
a coherent exciton ργ , i.e. we do not obtain a term of the form h
ext
γq ργq, but rather
terms of the form
Hextγqγq[ρ(t)] = ∑
k,k′
A
γq,∗
cvk H
ext
ck+qvk,ck′+qvk′[ρ(t)]A
γq
cvk′, (40)
where a summation of coherent eh pairs appears. This is a manifestation of the
composite nature of the exciton. We underline that Eq. (39) requires the knowl-
edge of ρnk,mp and not only of ργq. However the former can be easily obtained
from the latter by a rotation back from the correlated to the IP basis set.
3.3 Two–bands model in the independent–particles case
Let us investigate what happens in the IP level for the two bands case considered
before and using the linearized expression for the wave-function of Eq. (19). At
equilibrium we easily get Γ
eq
ckvk′,cpvp′ = 0, i.e. the excitons population is zero.
Once the laser pulse is switched on we obtain
Γckvk′,cpvp′(t) = δk+q0,k′δp+q0,p′
√
fkq(t) fk′q(t)e
i(∆εkq−∆εk′q)t . (41)
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The coherences described by the off-diagonal elements of Γ involve two eh pairs
at k and k′ and are not directly related to the coherences described by ρ . Indeed for
all terms different from zero Γ(t) ∝ E2. We now consider the four possible terms
entering [Hext ,Γ]. They all vanish at equilibrium, whereas out of equilibrium only
two are different from zero:
Γckvk′,cpcp′ = δk+q0,k′δp,p′
√
(1− fk′q(t)) fkq(t)e−i(∆εk′q), (42)
Γvkvk′,cpvp′ = δk,k′δp+q0,p′
√
(1− fkq(t)) fk′q(t)ei(∆εkq). (43)
These terms are directly related to the coherent excitons. The first order expansion
can be expressed in terms of ρ:
Γ
(1)
ckvk′,cpcp′(t) = ρ
(1)
ck,vk′(t)ρ
eq
cp,cp′, (44)
Γ
(1)
vkvk′,cpvp′(t) = ρ
eq
vk,vk′ρ
(1)
cp,vp′(t). (45)
3.4 Two–bands model for the correlated case
We then consider a minimal model for excitons, recently introduced to discuss
excitonic signature in photo-emission [13]
Hˆins = ∑
k
(εvkvˆ
†
kvˆk+ εckcˆ
†
kcˆk)−U(0)
Nelv
L
∑
k
cˆ
†
kcˆk
+
1
L
∑
k1k2q
U(q) vˆ†k1+qcˆ
†
k2−qcˆk2 vˆk1, (46)
and solve the equations discussed previously. Here L is the length of the 1D
model, Nelv the total number of electrons in valence and U(q) the interaction. In
this model electrons in the valence band interact only with electrons in the con-
duction band. As a consequence the ground state of the system is the same as in
the IP case: |Ψg〉 = ∏k vˆ†k|0〉. The second term in the hamiltonian has the role of
neutralizing the q= 0 repulsion exerted from the valence electrons onto any elec-
tron sitting in conduction, similarly to what a uniform positive background would
do in the case of fully interacting electrons. Notice that such model is physically
meaningful as long as the density of excited electrons is negligible or very low,
i.e. the situation on which we focus in the present manuscript.
We now consider the excited states obtained from the linear combination of
single particle excitations. As discussed in Ref. [13] the resulting excitonic wave-
function, eigenstate of the hamiltonian Hˆins, can be found assuming an interaction
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constant in momentum space U(q) =U (i.e. a contact interaction in real space)
as a solution of the equation
(∆εkq−Eγq)Aγqk =
U
L
∑
q′ 6=0
A
γq
k+q′. (47)
Here we write the general equation at finite q. The excitonic eigenvectors take the
form
A
γq
k =
√
Rq
∆εkq−Eγq . (48)
The related eigen-energies can be written as Eγq = εgap,q− bγq. There exist a
bound solution γ = x with binding energy bxq > 0, plus a continuum of solutions
with bγq < 0. Inserting this into Eq. (48) and writing ∆εkq = εgap,q+ akq, with
akq ≥ 0, we obtain at the denominator akq+bγq. Since bxq > 0, Axq ∝ 1L and the
excitonic wave-function is fully de-localized in k space as L → ∞ for the bound
solution. All other solutions are instead localized, since Aγq is dominated by the
divergence akq+bγq = 0 for γ 6= x. The value of Rxq and bxq are fixed by the two
equations
∑
k
|Axqk |2 = 1, (49)
∑
q′ 6=0
(akq+bxq′)
−1 =
L
U
. (50)
Let us first consider the “partially coherent” exciton state
|Ψ1(q, t)〉= ∑
γ
(
√
1−Nγq(t)+
√
Nγq(t)e
iEγqt eˆ†γq)e
iEgt |Ψg〉. (51)
Here we introduce Nγq(t) as a mixing coefficient of the two states, similarly to
how we introduced fkq(t) in Eq. (19). We obtain
ργq(t) = δq,q0
√
(1−Nγq(t))Nγq(t)eiEγqt , (52)
Γγq,γq(t) = δq,q0Nγq(t). (53)
Comparing the IP case, ργq now plays the role that was played by off-diagonal el-
ements ρck+q,vk in Eq. (20), while Γγq,γq the role played by the diagonal elements
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ρck+q,ck+q. Thus Nγq(t) defines here the excitonic populations, similarly to how
fkq defined the excited electronic population. Next we have
Γγq,ckck′ = δk,k′δq,q0
√
(1−Nγq(t))Nγq(t)eiEγqt , (54)
Γvkvk′,γ ′q′ = δq′,q0δk,k′
√
(1−Nγ ′q(t))Nγ ′q(t)e−iEγ ′qt , (55)
which represents the correlated version of Eqs. (44)-(45). For the bound excitonic
peak, we can consider states of the form (eˆ†xq)
n|Ψg〉 also with n> 1 (see App. A).
The same is not possible for non bound states with bγq < 0. The crucial difference
between the two is the localization, in k-space, of the excitonic wave-function
A
γq
k . We can thus consider the “fully coherent” exciton state
|Ψ∞(q, t)〉= e
−|α(t)|2
2
+∞
∑
n=0
αn(t)(eˆ†xq)
neinExqt
n!
eiEgt |Ψg〉. (56)
To evaluate ρ and Γ we use the fact that |Ψ∞(q, t)〉 is an eigenstate of eˆxq, with
eigenvalue α(t) =
√
N(t)eiφxq , and observe that at finite time a factor eiExqt must
remain in ρ:
ργ(q, t) = δq,q0δγ ,x
√
Nxq(t)e
i(Exqt+φxq), (57)
Γγq,γq(t) = δq,q0δγ ,xNxq(t). (58)
Similarly, to evaluate the other terms of the density–matrix we simply observe that
all Fock states composing the coherent state are eigenstates, in the low density
limit (i.e. neglecting deviation which involve one single k-point) of both cˆkcˆ
†
k and
vˆ
†
kvˆk for any k. This gives
Γγq,ckck′ = δk,k′δq,q0δγ ,x
√
Nxq(t)e
i(Exqt+φxq), (59)
Γvkvk′,γ ′q′ = δq′,q0δk,k′δγ ,x
√
Nxq′(t)e
−i(Exq′t−φxq), (60)
i.e., again these terms of the two–body density–matrix can be written in terms
of coherent excitons. It is again possible to show that the density matrices of
Eqs. (57)-(58) are solutions of the excitons EOMs , i.e. Eqs. (38)-(39). Let us
underline that to construct the “fully coherent” state we have used the fact that
the bound exciton has some boson like properties. The summation in the coherent
state is not limited to states with a single eh pair. As a consequence, while the
electronic population fnk(t) were limited by the Pauli exclusion principle, this
limitation is absent here.
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3.5 Excitonic decoherence and termalization
Up to now we just considered the case I(t) = 0. Let us now comment on its effect
on exciton dynamics, again starting from the non correlated case. The distinction
between coherent terms ρ
(1)
nk,mp with n 6= m and non coherent terms ρ(2)nk,nk = fnk
made for the ∆Σs = 0 case, leads to a great simplification of the collision inte-
gral. The off diagonal terms, Ink,mp(t) with n 6= m, describe the de-coherence
process and can be approximated as Ink,mp(t) =−ηρnk,mp(t). The diagonal terms
describe the scattering processes between populations and can be derived within
the approximation Ink,nk[ρ ](t) ≈ Ink,nk[ fn′k′](t), used together with the GKBA,
the Markovian approximation, and the assumption that G(r/a) ≈ e±i(εnk±iγnk)t , i.e.
a QP like structure with finite lifetime γnk. Using all this in Eqs. (16)-(17), and
writing the second equation for the diagonal terms fnk only, we obtain
∂tρ
(1)
nk,mq(t)− i∆εnk,mpρ(1)nk,mp(t)− ihextnk,np(q0, t) =−ηρ(1)nk,mp(t), (61)
∂tρ
(2)
nk,nk(t)− i[hext(t),ρ(1)]nk =−∑
n′k′
αnk,n′k′
[
(1− fn′k′) fnk+ fn′k′(1− fn′k′)
]
.
(62)
The resulting I(t) has the same structure of the semi-classical Boltzmann equa-
tion [25, 37] describing scattering processes where the IP energies are conserved.
The precise structure of αnk,n′k′ and the energy conservation factors embodied in it
depend on the choice of the self-energy. For example the second Born approxima-
tion gives that the energy εnk−εmp is transferred to another eh pair εn′k′−εm′p′ and
the process is weighted by the matrix element of the bare electron-electron interac-
tion. Within the GW approximation a similar process is weighted by the screened
electron-electron interaction. If instead the Fan electron-phonon self-energy is
used, the energy is transferred to a phonon ωγq and the process is weighted by the
electron-phonon matrix elements. Given the structure of I(t), two Fermi distribu-
tions, one in valence and the other in conduction, are stationary solutions of the
EOM. Only including the electron-photon self-energy, i.e. radiative recombina-
tion processes, the energy is transferred to photons allowing the system to relax
back to equilibrium.
In the correlated case, ∆Σs= ∆ΣHSEX , similar approximations can be designed
in the low pumping regime where again coherent and non-coherent terms can be
separated. We can then assume a de-coherence term of the form I
q
γ (t) =−ηρqγ (t)
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and a scattering term functional of the sole excitonic populations:
∂tρ
(1)
γq (t)− iEγqρ(1)γq (t)− ihextγq (q0, t) =−ηργq(t), (63)
∂tΓ
(2)
γq,γq(t)− iHextγq,γq[ρ(t)] = Iγq,γq[Nγq]. (64)
Since we are describing the exciton dynamics, we want that the excitonic energies
are conserved in the scattering processes. For the case of our model, where one
bound exciton Ex(q) exist, well separated from the continuum, we can derive the
shape of such collision integral under a number of assumption. First, and most
important, is that we can approximate the excitonic operator as a real bosonic
operator, thus neglecting the exciton structure. Under such assumption the two-
particle propagator L<,eh(t, t) becomes a one-particle propagator in the excitonic
representation. We can then assume some effective exciton-exciton or exciton-
phonon or exciton-photon interaction [38] and consider the corresponding dynam-
ical self-energy. The resulting KBE can then be written in terms of the retarded
and advanced L(r/a), which indeed have resonances at the excitonic poles and, to-
gether with the same approximations used in the IP case (i.e. GKBA+Markov) we
obtain:
∂tΓ
(2)
xq,xq(t)− iHextxq,xq[ρ(t)] =−∑
q
βxqxq′
[
(1+Nq′)Nq+Nxq′(1+Nxq)
]
. (65)
The first difference compared to Eq. (62) is of course that now the occupation
factors appear in the formN(1+N), as opposite to the form f (1− f ) in the IP case,
due to the different commutation relation of bosonic and fermionic operators. As a
result, once the external potential is zero, a Bose distribution for Nxq is a stationary
solution of Eq. (65) while a Fermi distribution for fnk is solution of Eq. (62).
We underline that a proper general derivation from first principles must take into
account the internal structure of the exciton and hence of the excitonic propagator.
This is however beyond the goals of the present manuscript.
Let us just comment more on Eq. (65). First of all it has the same structure
of the equation typically used for exciton dynamics in the literature [39]. Due
to the poles of L(r/a) the energy conservation will be of the form Exq−Exq′ =
ωλq−q′ . This is consistent with what can be obtained using the Fermi golden
rule and assuming that the many-body wave-function is well approximated using
the excitonic wave-function |ΨMBγq 〉 ≈ eˆ†γq|Ψg〉. Such assumption was used for
example in the description of the exciton-phonon scattering [40] or in describing
the radiative recombination of excitons in Refs. [41]. Finally we remark that one
would expect that, eventually, the distribution could condensate if the temperature
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reached is low enough [38]. However an exciton condensate is not simply a non
coherent distribution of excitons in the same level. It is a coherent state and thus,
it must also have finite elements ργ . This is the well known off-diagonal long
range order of a condensate. On the contrary Eq. (65) can only produce a finite
temperature Bose distribution of population.
4 Experimental measure of non-coherent excitons
from Time–Resolved photoemission
We have discussed the equations of motion describing the formation of coher-
ent and non-coherent excitons and then speculated on their possible evolution
due to the collision integral. As a last step let us consider again the signature
of non coherent excitons in photo-emission. Here we follow our previous work
of Ref. [13]. There we have discussed how to capture the signature of an exciton
in photo-emission, computing the Fourier transform of G<ckck(t, t
′). For the case
were a single exciton is present th exact G<(ω) can be computed analytically and
has a pole at Exq−εvk. The same result can be obtained within MBPT considering
the T-matrix approximation to the self-energy for G(r/a)(ω) and then computing
G<(ω) using the following ansatz
G<ckck(ω) =− fc(ω)[G(r)ckck(ω)−G(a)ckck(ω)], (66)
which comes from the idea of an approximate fluctuation and dissipation theorem
in the quasi-stationary case. We underline here the similarity with the GKBA
G<ckck(ω) =− fck[G(r)ckck(ω)−G(a)ckck(ω)], (67)
In Eq. (66) however ifG(r/a)(ω) have more than one pole, such poles are weighted
differently by the energy dependent Fermi distribution f (ω). In the non correlated
case, the density–matrix ρnk,nk tends indeed to a Fermi distribution f (εck) and
G
(r/a)
ckck (ω) have a single pole at ω = εck. Thus both Eq. (66) and Eq. (67) give
G<ckck(t, t
′) = f (εck)e−iεck(t−t
′). (68)
The approach with MBPT, together with Eq. (66), was then used for the case a
finite excited density exist, under the assumption of a quasi-stationary distribution
of particles, i.e. a specific Fermi distribution for fc(ω). The idea of introducing
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a Fermi distribution is due to the fact that, to compute photo-emission the one-
particle G<, i.e. a Fermion propagator, is used. However a Fermi distribution
strictly holds only for non interacting particles, i.e. it minimizes the IP free–
energy H =U −TS with U the energy, S the entropy and T the temperature of
the system. Here, instead, we are dealing with excitons which, in the one particle
picture, are strongly correlated objects. Moreover excitons are (composite) Boson
and, at least in the low density regime, they are expected to distribute according
to a Boltzmann [14, 15] or a Bose [38] function. A Bose function is also what we
obtained in the previous section for the bound region of the spectrum.
The use of different distributions characterizes three recent papers [13, 14, 15]
where the exciton signature in photoemission has been discussed. The approaches
agree on the main feature: nearby the QP peak εck, a satellite at energy Exq−
εvk is observed. However they differ in some aspects. The two works based
on MBPT [13, 15] are very close. They both use an almost identical statistical
relation involving a Fermi distribution as a starting point: a local relation (reported
here in Eq. (66)) in one case [13] and its integrated version (Eq. (1) of Ref. [42])
in the other [15]. In the modellistic approach of Ref. [14] instead temperature
enters only via Boltzmann factors. As a result the dispersion of the excitonic pole
is different. One of course must consider that a modellistic approach is based
on strong simplifications of the problem. Here however we want to focus on our
MBPT approach and consider how the approach could be changed.
The first obvious change would be to replace the fermionic distribution for the
QPs in the statistical relation by a bosonic-like distribution for the exciton. This
can be done introducing the following generalization of Eq. (66):
G<ckck(ω) = −Wc(ω)[G(r)ckck(ω)−G(a)ckck(ω)], (69)
Wc(ω) = bx(ω)θ(εcbm−ω)+ fc(ω)θ(ω − εcbm), (70)
where εcbm is the energy of the conduction band minimum. Thus the QP pole
above εcbm is weighted by a Fermi distribution, while the correlated pole below by
a Bose distribution b(ω). This sharp factorization in two regions of the spectrum
reminds the chemical picture of Ref. [42]. It could be improved using a smoother
interpolation between the “Bose like region” and the “Fermi like region” in case
the distinction between bound and non bound states is not sharp. However, in
Eq. (69), the thermal distribution does not enter as a weighting term only, but also
in the definition of the spectral function G
(r)
ckck(ω)−G(a)ckck(ω), since the latter
must be evaluated on thermal NEQ–correlated states to contain the excitonic pole.
To this end a thermal NEQ–IP states is used as a starting point. Such initial states
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is chosen, again, with lowest IP free–energy, i.e. a Fermi distribution. Correla-
tions (the T–matrix in this case) are then switched on to reach the NEQ–correlated
state. Here a fundamental question arise: while correlations are switched on, is
the NEQ–IP state with lowest IP free–energy connected to the NEQ correlated
(excitonic) state with lowest correlated free–energy. This is the equivalent of the
equilibrium issue: is the EQ–IP state with minimum energy connected to the EQ
correlated state at minimal energy. The discussion of this question would further
clarify the difference between MBPT and modellistic approaches. In particular on
the dispersion of the excitonic pole.
Conclusions & Outlooks
In the present manuscript we have proposed a set of two equations, Eqs. (38)-(39),
which can be implemented in a first principles manner to describe the formation
of coherent and non-coherent excitons. In doing so we also highlighted how the
resulting dynamics is related to the definition of coherent states used in quantum
optics. The implementation would require the propagation of two vectors (ργq and
the diagonal Γγq,γq) whose size is Nexc×Nq with Nexc = nc×nv×nk the number
of excitonic bands, Nq the number of q–points used to sample the BZ, nc and nv
the number of states in conduction and valence, and, finally, nk the number of
k–points in the BZ. As a comparison the ai-NEQ-MBPT approach, which we im-
plemented and used to describe the generation of carriers, propagates nk matrices
of size (nc+ nv)× (nc+ nv). Of course the size of the excitonic vector is bigger
than the size of the carriers matrices, since the phase space of two (correlated) par-
ticles is bigger than the phase space of a single particle. However, since we only
need the diagonal of Γ here, the problem is strongly simplified. It is equivalent
to consider only the diagonal of the BSE matrix. Moreover one can reasonably
select few excitons resonant with the frequency of the external perturbation and
matching its q–point (q= 0 for optical pulses).
We also discussed how the created non-coherent excitons would evolve in time
and thermalize with Eqs. (63)-(64). The implementation would become more de-
manding in this case. Indeed the carriers thermalization, under the approximations
discussed, only involves fnk = ρnk,nk, i.e. q= 0 since k= p (although fnk is cou-
pled with fn′k′). On the contrary the exciton thermalization couples excitons with
different transferred momentum. Nevertheless the implementation would still be
feasible, in particular if only the lowest energy excitonic bands are considered.
Indeed a similar approach has been implemented for excitons described by the
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Wannier equation, even considering the role of coherences in the collision inte-
gral [16, 17, 18]. In these works the generation of excitons populations is due
to the decay of coherent excitons via electron–phonon interaction. In the present
manuscript, instead, we have mostly considered their generation via the interac-
tion of coherent excitons with the external pulse, similarly to what done in the IP
case.
Finally we considered a simple model, with a strongly bound excitonic band
well separated from the continuum and in the low pumping regime, to analyze the
derived equations. This is the same model we used used in Ref. [13] to describe
the signature of non coherent excitons in photoemission spectra. Accordingly
we also discussed this topic, comparing our approach with recent works. We
proposed, with Eq. (69), a generalization of the expression used to describe non-
coherent exciton signature in photo-emission in Ref. [13]. Moreover we critically
discussed a possible issue of MBPT performed on top of NEQ states with minimal
free–energy, i.e. for NEQ thermal states.
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A Multiple excitons in the same quantum state
We here build up the wave–function which includes an arbitrary number Nx of
bound excitons. |ΨNx〉 can be obtained as applying Nx–times the excitonic opera-
tor eˆ†γq to the ground state.
|ΨNx〉=
Neh
∏
γq=1
∑
cvk
A
γq
cvkcˆ
†
k+qvˆk|Ψ0〉 (71)
In the IP case A
γq
cvk = δc,c0δv,v0δk,k0 , then only one electron–hole pair can enter
each {γq} state, i.e. the Fermi like character of electrons and holes is preserved.
The same holds in an approximate way for non-bound and weakly bound states
in the correlated case, where Aγq is very localized in k-space. On the contrary
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for bound states A
γq
cvk ≈ 1/Ncvk (1/L in out model). If the state {xq} is occupied
when the first photon is absorbed by the system the second state can in general
be any of the {γq} also including the state {xq}, and the Bose like character of
excitons emerges as explained below.
Let’s consider for example the case with tho excitons.
The wave–function will be
|Ψ2〉 = eˆ†γ2q2 eˆ†γ1q1|Ψ0〉 (72)
= ∑
c2v2k2
A
γ2q2
c2v2k2
cˆ2
†
k2+q2
vˆ2k2 ∑
c1v1k1
A
γ1q1
c1v1k1
cˆ1
†
k1+q1
vˆ1k1|Ψ0〉 (73)
Since (cˆ2
†
k2+q2
vˆ2k2 cˆ1
†
k1+q1
vˆ1k1)|Ψ0〉 = 0 if {cˆ2†k2+q2 = cˆ1
†
k1+q1
or vˆ2k2 = vˆ1k1},
|Ψ2〉 can be re-written as
|ΨMB2 〉= ∑
c1v1k1
∑
′
c2v2k2
A
γ2q2
c2v2k2
cˆ2
†
k2+q2
vˆ2k2A
γ1q1
c1v1k1
cˆ1
†
k1+q1
vˆ1k1|Ψ0〉 (74)
where the prime on the second sum means the terms {c1,k1+q1}= {c2,k2+q2}
and {v1,k1} = {v2,k2} are excluded. The second summation does not define
exactly the creation of an excitonic state eˆ†γ2q2 due to the “prime” in the summation.
However, as long as eˆ†γ2q2 spans an infinite number of components in the {cvk}
space, then the prime in the summation can be neglected; it amounts in removing
one point from the whole BZ, thus in removing a null dimension set. Only once
a finite density of excitons is considered, the summation will start to differ from
the definition of the exact excitonic operator, since the dimension in the BZ will
start to be different from zero. How much this will deviate depends on the density
of excitons (which defines the size of the zone to be removed in the BZ) and the
strength of the e–h interaction (i.e. on how much {cvk} space is spanned by the
vector A
γq
cvk).
B Coherent states
In the present manuscript we have considered the coherent state (Eq. (3)), its fully
coherent excitonic version (Eq. (56)) and the partially coherent excitonic state
(Eqs. 51). We inspect here their relation. We start considering the fully coherent
excitonic state at t = 0. It was constructed assuming the low pumping regime
(or low density limit) and the delocalization of the excitonic wave-function in k
space. Rewriting the sum as an exponent (∑n= 0
∞xn/n!= ex), using the definition
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of the excitonic operator, and writing the sum of exponents as a product (e∑k fk =
∏k e
fk), we obtain
|Ψ∞(q,0)〉= e
−|α |2
2 ∏
k
eαA
xq
k cˆ
†
kvˆk |Ψg〉 (75)
If we drop the assumption on the excitonic wave-function discussed in app. A and,
on the contrary move to the situation where Pauli exclusion principle becomes
dominant, we need to expand the exponent in Eq. (75), thus obtaining the well
known expression for the BCS ground state [3]
|ΨBCS(q,0)〉= e
−|α |2
2 ∏
k
(1+αAxqk cˆ
†
kvˆk)|Ψg〉 (76)
Finally linearizing the latter to single excitations we end up with the expression
|Ψeh(q,0)〉= e
−|α |2
2 ∑
k
(1+αA
xq
k cˆ
†
kvˆk)|Ψg〉 (77)
which gives Eqs. 51. In the IP case we just considered the counterpart of this
latter (19). Of course there is no IP equivalent of Eq. (75), since in the IP case
the excitonic eigen-vector A
γq
k reduces to a delta which is localized in k-space
by definition. We did not consider the BCS like state for the exciton and its IP
counterpart, since we are not discussing here the high density regime.
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